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DEF: A Smooth _cuwe. on.a mantfd M s C: (&.b) —'M _ asyume. o€ (o) an HOH
Usuah:, we Sy cis o ave on M Stnﬁfﬂj at F The Vel,ocii:j vector (/) of
the cumvec ot time f € (0b) isdef as:
ctt)= G (f]1)€ Tut) M
tith &, e
i C)REER Towm ETMAEH PI—ARE . &1 11T 2R,
RSl W hh b A M AT AL smoth mep, WL nofural
wndee the hmnear Mmap TJ“R"CL’ Taw M between 2 vecto tangent spate
)tlt‘, 1% 3 EiA
Wﬁie ¢ as the calculus denvod:we we canproof- fo”owluj _propoitions ;
®. C: (a—R be acwve , ') -'_C_ep%tlcct) A
@ C: (ab—M is o Smocth carve, (VX' X" be a coodinate cl\ur(',
about. cc’c) Wu{e Yro € +=C L the bth comprent of c. Then:
el = (t)bx"ut) Whick % to say:
fela‘nue to the basis Mb'y Jor TaaM, the yelodity c/ty is Yepresented i
the cdumn Vector [ '3:8] A
")

Mo smonth came. ¢ ot p > o) in Ty

-

" does the convense vedion still holds 7
That is to say, gwen an aYbi’(Yay XP €M, Con we me o Cure ¢ st (’1o)=-xff
The - answer is true!
Lfmsfence. ofr a wrve witha ﬂwen mitial -vector) For onJ Jaitial, P eM. XPH}M'
3£, Witha smooth auve C:(-5,€) —M st Lop, ClorXp.
pra:f (U )= JLox! b 1") is a chat centered ot p. Q41 0ER
Bop= 20 el ARMRAEAR T B X1
To ;flnd« _a cuve ¢ atr with (‘o) = YP
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* start-with & curye dan R* witk O\Lo)— L) aZa‘a%,_ -

< ten map db o I via 7.
We can (et di)= (at.gt,ua"tl,te(-e,e).
C= 4)40‘* t (-2'2)._:")\3\_:[_‘ UQM , | p

d ] | A . . ;

il oy re Facgi, e—& ’

iy A ¢

how Ctoy= ¢ od(o) = P. )’ " 1 "

co)= ($%o)y %’ ) £

- @y (Be) , : ’

= (¢ (;a»mlo) | e )

[ Yop: XP C-,T?N\, «}C (_? M) Lf c’(o) )(P ﬂlm '

Xy:f = d‘b[ (£°C) ;_:

P!vof' Xff (Za e l ) (f) i

= (ftlto)(:f) =

= (e 4o : pF
= RHS._ el ::

Now we use cuwve +o Cq(cu(afe Jche dl e,rejl\t(a/(.S C lineor meps ﬁhzw ﬁ;/\aatsr"'e
We hove 3Way o Compute dlifforentiod, - jo & Op) - X"(f P - Y4é Cem =

© (020, (VY4 Bt bass ;
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_pope Fs N DM smaoth, map of Moniplds. Xp&TpM. If i o Smooth uove
starting at ?inN» with, ve(odb& Xy at p, then:
Fep (Xp) = %L (Fac ) (),
This means F;,? (Xp) is the. velbci’g Vector of the imege. cortje Foc ot Fop:
}’moj Fap (X}’) € TrpM,
Fp (X)) = Yo (Jo F) ¢ F - .
e Z’m g-p TGS o
= @], FF)

(&lt&)(fo o) iy
~ (a%lt ) (Foc) C5) STRMS. [Hs= RH&

El&m? e (.D {fem\b il 0& 'UML left m W\»Ah?\«wﬂm)
29 € GLINR). (g cs the left multiplication on. QL(MU induced. byg.

GLa[R) _is anopen set. in R™", TqlGLnR)_Can be ientified with R™1

~ Show  thet. thes 1dent\£(ca'tlon Of _the d»ﬁetentwl. US)* 1:

~ To (GLong) — Tgq ( GLINR) is also bft mulhyhmkwv\. by

LA A d B A A B N N N N

{ ‘u} ‘\') \ILH‘) \"1"{';')

,me; 2L shate Xe T (GLnR):R™ choose_ clop= X.
Gln R) [ GLa(R)
' ST (lﬂ)m(X) = a@(m (.[3 ° o)
& (GMLL' T =:[to §cw
:: e
i Tllah(m gz, J l La(R By Rl Y 9ce) ‘
. )
1€ Glup j o e g
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]_mmersions and Submevsions.
(OEF) (% Map F: N .'simﬁm.mmm_ai—pﬁl\l_gﬁ -Eg.,yﬁ._»ls._,inje,ciiyeﬂ_

an suhmersion, Fop s surjective .

3(36]@“3

v m 5
_ Examples:  (protutype of immexsjon) * R R™ (XX )— U5 X", 0,0+ o)p

_(proiotype 0(][ suhmersion): R™ s Rh ) ™, X”)*—’(X)x X A
%vi_ &1 immersion )?.)*]3.': K2 tmclusion og: 61’ Su):mersmn, AL 2 ym)etfw’\
LRank) A Snaolh prap F: N—M, Jts Yank at pin N, dencte as Th Fep, Ls#e e
P A_J‘*nk,.,. °f-ﬂe_dﬂermtml ;Et.f ,,,TPN, "’TFLP)M ,,_t»? WA Tk F‘P) Vk[ (P)]
(Gritial Point] Replor Poist) Aot p is critial i Fap: TpN—"TepM js pot_
. Sm’juﬁde_._lf_'iskajegul,ac_ Poir«_-l:_éf_ﬂ,p,fs surjective. _
o BgAK. 3 veqular pont & Fis a submersion ot - e
o . heMigs critial vale , lf [ts f;kem e of o _ditical point., else li’ﬁﬂey(or v
,‘j_ ¢ is chitical, Value ) I%ﬁgg‘%f-]/] £ F"(f_(?)ﬁgcwh(alﬁ?amf

-

-

,,PWP_FoJ i vedle: va.tueal ﬁmc‘ncm.f M=R, P EMis ad:aa,( yomﬂ A
~ Yelotive 40 Some chart (U, X135~ éon{mmgr all j)ari'tw(. devivntive s SQtISﬂ'
: }i ’i(P)" ) J L2, .5

F) &

S\ui)mamf —
We will mtrodlue 1equlor submanifolds C (»co.ﬂj defined. by the sty of
ome of the coordinate functions). The Yegu(nr set, level set thewem
tells us that a level set of @ (% may of manifolds is o Yegular
ad)mwﬂfv\i
We will also introdue. constant rank ﬂeovem/submemm,ﬂeo,em . ac{ulg

these con lead tp (evel set theorems 5“@”13/ y
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_up,au(ar &meqn\(vld. &dx&h) _SE i MMHO[A N_of dim._ Lts_reguhr;submamfp(dv_o}__
dim k Y Vpé:S 3 a (oordinate Mﬂkbwhood L0, )= (VXX X") of p St
UNS s defined by the vanishing of k. of coordinate functions. Bg Yenmlm{j
wotdinates assume. these coordintes X, X", --X" ore Vams’\ivg

YO UnS, @ (X, K 00m0), Jet Py 2UNS—IRK is the testiiction of

fint k. compnents.  (UNS, ‘Ps)ls o chart for § inthe subspase toprlogy
( Codimension) S is o fegular submamjo[d. of dim k- w N of dim_h., then n- lv\
's Said 4o be the codimension of S in N.

00 LABRAE submarshld % ZRIATE repular submanife A

%20 sub vegular submanifolds are exactly : - belong 4o submanifelds, for U={u.$
o cdlection. of compatible aded adapted. charts of N that covers S.
'ﬂ\er\. L(U NS, Ps)] is an atlas for S.
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LleveLSe’cs) A level set of }'nafF N""M is o subet FA(cY)= fpeNl Fp=c
s the level of the level set Q). ZLF) is the e Set.of F-
The invese image. (<) of o Yepubor value c.is called o Yeqular level
set : |
(Erayle):— foglrifiti-ize. §=§e)
(33 L LIRS Hence the critical pointof § i3 (om0), whid
doesnk (ie on the sphere. $*. Thus, all pointy on the sphere.Qte vegular
poittsof £, 0is o tequar yvalue of § .

RO @ &® © O O © O
LY .\"J dan’ Nif Vil A e Usats ] et

n\COYQIY\' ‘j N -—9P\ is o C™ :f\u\c’c«on,on mam’-fo(o(. M A nonemﬂy 1esular'!CV€
et $=9') is a vequlor WLMM\A f N with odmensior L.
We con apply Tnverse. function Hewem o prve it.
Given above theorem, we want 4o extend(t fo the Meps bebween..manifld;,

_the exTended theorem js also hnow as tho. implicit function , theorep /
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'Ye,jular LCVeL Se‘t ‘U\eoTen'L. 1

__Tl\eorem FN‘-’N\ iy ac” maf of manljobls dw»N =h, AmN\—m 'Hlen. a

- ohenpty | vequlor level set F'(¢) (whee c& M), is o feqular sub-

‘manifpld of N of dimension. n-m 3

o gyt = (L) A st e g v 484 Pt
) = e F)'o) F'(C) is' the gero set o GoF. ,

Fr=YooF =1beLYeF), FIC0) B3R F P F™ A common Zer ?omt

" ; == oy PSS ) —— r;
—— S o 3
P

SN SR L R T
_Since_requlor level set #‘;‘ We know nm..

_BE peF, WAXA") B coordinate nc.gkborkoooL fy_.m_l\/ Sm(eF CC)
Is fegulor levelset, peFiee is o tegular yow‘(: 2 the mxn Jacobian.
ma‘t”x._j,dp 2502 has vk m. WLOG, aessume. L,‘,Jln\m , the

_ First mxe bloch, s nonsingulor . <J§ o
o We r@[;ce _the ]Clrst m_coovdinates X LL> L™ "][ -l:he C}Wt LU"“"J
. *E e " 7:1_U.P_,,,r, _S-..t_( Ur_F* F_/‘ Fm I.mf _l) Is,achar('_
~inthe atlosofN. e
(Eﬂ.._ [_‘)—F—‘ g% [:ij.) *J det[«) CP)J l§1)<m )
a3 : o 1
Jxs  Ixe
In the chast ( Uy, F'F%~ -F™) x"‘")l'”"r"l"), S=54a) i 9-¢1'n€0l"1‘}
setting the firk. m coordinate functions Fi Fies, F™ equal o O, Thys
Sis o _.Yeau\lar SMLManljbld, o} N of dim. n-M .
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Examples : SLa(R)

B 4 -

__SL(uR)is o, vegulor_submanifs|d.of GLOAR)
£ GLIWRY — R be the deter minant. mey. 5461)_$Lw,g) f,\; aC,°°
mqy between Mamjolul.s- We meoL to Sl\ow [ s a.‘chulor Va ,la,e’,
fw=detA = COM o, M+ GO M+ 1) Ain i,
A 2 ()m,

Q5
Rene  ACGLIAR) i cyitical € j’ =0 &2 Myjzo, thus debﬂ—o
2 oll mettic ing niR) ore Ycaular pints of the deteyminaat. functioh
2 SLIR) is o Yeqular submanibld of GLUNR) of codim 4.
dim S LUy = dim(GL iRY) = (= 0>~

Noun we discuss the (ocal ructire o-f o Smooth wmf Jt}lftmﬂ)\ it 'YanIL-
£ N—M Y { has maximol ronk ot ps there owe 3 posibilities:
0) n=m , lo Inverse  Function ﬂ\eorem Jccs (ncnu\t, dtﬁeomovphsm,
® nSVY\ Yk(,?)- n. f 5oL Ummeysion 0~'tP
® hzm Yk(p) M. F is aa submeysion ot p

1§ £ hos constont, Yank on anoen set (), we Can establish Constant. yank theorer
to qe o Sample nommal form of the. smooth map {.

(,CDVlStQ/\t vank thm) N-Mm 3B mffiﬁfu*’/ JN"’M )‘\as constont Yw‘kk
in a nei\g“:ovl\oool o]( aN Poin*-r wN =2 3 ybﬂl&hﬁi# k (. (P) ftp) SRR
MLtk st ($efed) (11 =05 15 0,0--0)

N._-—'F——, M i AN THRE A Fofe P has constant vank k.
" l lw) in an open. neighborhood of (p) in R,
bl CHR BRI R MR AUERY G (a
B — K" dffeomhom of o neighbobaod of #6) and F
a diffeomophism of o neighborhood. of F P, &t .
LFR o Bl )2 o hg)
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lm"‘eYShm and, Sul:memom Thm

) @ ® ® @

We (\(veo{’/(ﬂ give fe Ou.tCome
(Immersion. theovem) §: N—"M has qn. immersionat pehf . then. 3 (V. §) ce,.t,.,(j
ot pinN. (Vi) centred. o fop in M. St ina neighlor hool of 4, 3
(oo L1 = (V000 0)
(Sbmexsion. theorem) F:N—'M s a submersion at pinh. then 3 (V.9) Cerrfm(a
at p in N (VY) centered. at fpuM.st ina negkbovlwocl of 64) :
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